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HEAT AND MASS TRANSFER BETWEEN THE DISPERSE PHASE AND THE CARRYING 

MEDIUM IN A PLANE TURBULENT DISPERSE NEAR-WALL JET 

V. A. Uspenskii, V. V. Solodovnikov, 
A. P. Fokin, M. I. Zaretskii, 
and K. Yu. Tkach 

UDC 66.015.23 

Heat and mass transfer in a liquid-liquid and liquid-solidmedium are investi- 
gated theoretically and experimentally in a jet heat- and mass-transfer apparatus. 

The diagram, in principle, of an element of the construction of the jet heat- and mass- 
transfer apparatus under consideration is represented in Fig. I. Clamped rigidly in the ap- 
paratus housing 1 in the shape of a parallelepiped are horizontal perforated plates 2 over- 
lapping part of the apparatus transverse section and a moving vertical baffle 3 with slots 
in which horizontal plates are arranged with a certain spacing. The mentioned plates can 
be utilized as heat transmitting surfaces. 
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Fig. i. Pattern, in prin- 
ciple, of the flow under 
consideration in a jet 
heat- and mass-transfer 
apparatus. 

By performing reciprocating motion the baffle presses the whole volume of disperse 
medium in the apparatus through the slots. The disperse medium being transported through 
the slots by the baffle form disperse turbulent jets in which the carrying liquid medium 
and the disperse phase move with different velocities. A velocity gradient is also formed 
at the plate surfaces. These phenomena intensify the heat and mass transfer between the 
disperse phase and the continuous medium and the heat transport between the disperse jet 
and the heat-transmitting surface. 

Let us examine the motion of a two-phase flow representing a two-velocity continuum [i]. 
We shall assume that the continuous medium is an incompressible fluid while the disperse 
phase is a set of droplets with concentrations n(x; y; t) whose dimensions are distributed 
in such a manner that the whole disperse phase can be characterized by an equivalent diam- 
eter. Interaction of the disperse phase with the carrying medium is interpreted by the 
existence of continuously distributed sources (sinks) of heat, mass, momentum of forces with 
productivity proportional to the numerical droplet concentration, in the medium. It is as- 
sumed that there is no mutual droplet interaction. 

Let ~ denote the specific volume content of the disperse phase in the carrying medium and 
let us write the equation of stationary motion of the carrying medium and the disperse phase 
as two mutually penetrating systems 

( 1 - - ~ ) p t ( v ~ V ) V l : - - ( 1 - - ~ ) V p ~  + ( 1 - - ~ ) i ~ l V Z V t + ( 1 - - ~ ) V T ~  + ( 1 - - ~ ) 3 ~ d p l ( v ~ - - v ~ ) n ,  (1)  

~p~ (v~V) v~ = ~ip~v2v~ + ~V~  - -  3~d~2~ (v2 - -  vl) n. (2 )  

The s u b s c r i p t  1 r e f e r s  to  t he  c a r r y i n g  medium, and 2 to  t he  d i s p e r s e  phase .  

The system of  e q u a t i o n s  i s  w r i t t e n  under  t he  assumption t h a t  t he  hea t  and mass t r a n s f e r  
between the  c a r r y i n g  medium and the  d i s p e r s e  phase does no t  change t he  f low hydrodynamics  
of  t he  d i s p e r s e  j e t .  Moreover,  i t  i s  assumed t h a t  t he  p a r t i a l  p r e s s u r e  and v i s c o s i t y  of  t he  
d i s p e r s e  phase equa l  ze ro  because  of  the  h igh  r a r e f a c t i o n  of  t h i s  sys tem.  The mechanica l  i n -  
t e r a c t i o n  between t he  c a r r y i n g  medium and t h e  d i s p e r s e  phase i s  r e p r e s e n t e d  by a l i n e a r  law 
of  the  hydrodynamic drag of  the  medium to  d r o p l e t  motion in t he  form of  the  S tokes  fo rmula .  

Let  us combine (1) and (2) term by term and us ing  the  obvious  o p e r a t i o n a l  i d e n t i t y  

v A +  vB = 1 +  v A - -  -~- V , (3)  

we reduce  (3) to  t he  form 

. (4) 
~ 2  V% + (~2)2 V = 3~dp~v~n v2 - - 1  - - v P + i p x v z v ~  + ( 1 - -~ )  + ( l - - ~ ) g l  (1 ~)gt 
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or 

where 

_ _ , 1  1 
(v~v) v~ = p ,  VP + i~'*Vzv~ + - - ~  V'C*, (5) 

+ 

= [ 9P2v~ ] ;  w, = V~ . 

p* p~ 1 + (1--qOpav~ Pa 1-+- (l~)9~v~ 

(v~ ) [ qn:~ ]Vh+ V'~*=3r~d~:v:n ~ - -  1 + ( I - - ~ p ) +  (1-- :p) 'q  

(1 - -  ~) % 9x2 - -  r~# 

After passage by the usual means [4] to a system of boundary-layer equations and obtain- 
ing integral relationships from it as is done in [2], say, (5) in projections on a rectan- 
gular coordinate system takes the form 

d u(uh+ 1 - -  u~+l)~dg = (k + I) - ~ x  J 9i[usu~--uu~ldy - -  k (k  + 1) u~-~yidg , (6 )  
d x  o p* -$yy 

where  k = O; 1; 2; 3; 4 a r e  i n t e g e r s ,  j = 0 i s  a p l a n e  j e t  and j = 1 an a x i s y m m e t r i c  j e t .  

For  r = 0 t h e  e x p r e s s i o n  (6)  goes  o v e r  i n t o  a known i n t e g r a l  r e l a t i o n  o f  V. Y. G o h b e v  
that is utilized in analyzing turbulent jets [2]. Considering the plane disperse jet being 
propagated rectilinearly along a solid surface in the form of two jets [3], a near-wall jet 
of thickness 6 m (see Fig. i), and a free jet of thickness 6, the passage from one jet to 
the other occurs along the surface on which the velocities of both jets are equal Um, the 
diagrams of the turbulent friction stress rates in the near-wall jet satisfy the relation- 
ships [3] 

u m - - u  _ 2 , 2 1 1 n _ 5 ~  . (7)  
y 

p* 

~: O.028 Re - ~  ''2 ' Re:= urnh 
~1 (8) 

and the free part of the jet the relationships [2] 

( 9 )  
u = u6 + ( u ~  - -  u~) ( t - -  6~  2 + 8~ a - -  3 ~ 9 ;  ~ g - -  5rn " 

6 - -  5rn 

u) Ou . 
z l=P :e (6 - -6 rn ) (u rn - -  -~y , u~ = uo exp (--  VoX), (10)  

we r e p r e s e n t  t h e  r e l a t i o n s h i p  (6)  in  t h e  form o f  two e q u a t i o n s  f o r  t h e  n e a r - w a i l  p a r t  o f  t h e  
j e t  ( j  = 0; k = 0; k = 1) and one f o r  t h e  f r e e  p a r t  o f  t h e  j e t  ( j  = O; k = 0) 

(ii) 

(12)  

d 6re 6m du6 .S u ( u - -  u6) dy = [ - a y ;  

dx dx "d 

d u (u 2 - -  u~) dg = dy; 

u) dy. d Jm du~ 6 i' 
- -  u ( u - - u ~ ) d g  = ~ (u~-- (13)  dx dx o 

S u b s t i t u t i n g  t h e  v a l u e  o f  t h e  v e l o c i t i e s  f rom (7)  and (8)  i n t o  (11)  and (12)  and i n t e -  
g r a t i n g ,  we o b t a i n  

( Auo - -  3koA) du,~ + [u~ exp (--  VoX ) -  akoal afire --4VoUg exp (--2VoX) ko6,~ + 4v,ugA exp (-- 2%x) + k ao; (14)  
dx dx 
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dSm 
A dUmdx q- Ik~176 exp ( - -  %x) + 2k~o ] ~ + lvou ~ exp ( - -  2%x) + 2kv~,ou o exp ( ~  vex)] 8m; (15) 

d8 + 1 [ dft q_ ] f~-.= O, 
dx --/-[Tx kah 6 q- [~ (16) 

where k~ = z*/9*; fl = 14-2u6 = + 29-2UmUd - 15umZ; f2 = 15(u6 - Um)2; f~ = 0-8Um - 0-8u6; 
k I = v0u0exp(- v0x); Um6 m = A. 

The solution of the system of equations (14) and (15) has the form 

( b~ dSm + b~ Idx;  (17) Ura ~- tt R -  S al dx a 1 ] 

where 

dSra ba16m -t- b~A 
-- -- ; a : :  koUo exp (-- VoX); 

dx Abl --  aa 1 Abl -- aat 
al = Auo - -  3koA; b : %Uo exp ( - -  vole ) [uo exp ( ~  vx) + 2ko]; 

b, = u03 exp ( - -  2v~x) - -  3ken; bz ~ 4you 2 exp ( - -  2v0x ) A q- k03. 

The constants of integration are found from the conditions 

;.fgr X : 0  5 m ~ h n ;  U m : t t a .  

The solution of (16) can be represented thus 

~ - - : e x p [ - - J + ( ~ - } - k f ~ ) d x ] { h - - t - - ~ l  e x p [ j \  dx +kaf3) 

f o r  

(19) 

dx ]dx} , (20) 

x = O  6 = h .  ( 2 1 )  

To evaluate the reduced characteristics of the disperse stream 0", ~*,  it is necessary 
to find the relation between the parameters v I and v2; ~i and T 2 in explicit form in a 
functional dependence on the coordinates. 

Let us examine the acceleration of a constant-mass spherical particle subjected to 
Stokes hydrodynamic forces. The equation of drop motion in this most simple case can be 
written in such a manner: 

18~ (22) dos ~ aov2 = %0r ao = -  
dr d~pz 

The s o l u t i o n  o f  ( 2 2 )  h a s  t h e  f o r m  

v2 = v a [ 1 - -  exp ( - -  ao!)] fo r  t = O, vz = O, ( 2 3 )  

The regularity ( 2 3 )  obtained for the relation between the carrying medium and disperse 
phase velocities is valid even on the axis of the maximal jet velocity, consequently, the 
following relationships canalso be recomanended for application in the computations: 

% = x 1 [1 -- exp ( ~  aot)]; x : uot. (24) 

T a k e n  i n t o  a c c o u n t  i n  t h e  d e p e n d e n c e s  o b t a i n e d  a r e  c h a n g e s  i n  t h e  c o o r d i n a t e  o f  t h e  d i s -  
p e r s e  jet velocity of the medium being displaced through the baffle slots as it moves at a 
constant velocity in the apparatus. As the baffle motion velocity varies the complex nature 
of the medium displacement in the apparatus is observed. Thus, the jet is impacted on the 
apparatus wall in the initial phase of baffle motion, is rotated and moves behind the baffle 
a certain time which is difficult to reflect with high reliability in analytical dependences. 
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Consequently, it is recommended to draw the appropriate information necessary for the com- 
putation from experimental data. It is established that it is more convenient and simpler 
to take v 2 = u0; v 0 = 0.18; A = UmhH; A = 0.0038 (u0, h 0 are known quantities) for the first 
moment of the motion in evaluating the equation coefficients. In this case the=measured 
parameters governing the motion of a turbulent disperse jet are in satisfactory agreement 
with the computed ones. 

The solution of the hydrodynamic problem permits finding the domain of existence of a 
disperse jet and the velocity of the flow around the disperse phase by an external flow at 
any point of this jet for any time of baffle motion. 

The problem of the nonstationary heat and mass transfer for translational drop motion 
is solved [5, 6], where the parameters that are external relative to the drop of the medium 
could vary in time according to a known law. It is assumed that circulation in the form of 
a Hill vortex is developed within the drop, and the external flow was inviscid since the 
flow around the drop was considered for high Reynolds numbers. This assumption becomes es- 
pecially justified when the hydrodynamic layers are developed simultaneously with the tem- 
perature and concentration layers. It is considered that the boundary layer thickness is 
small, there are no drop surface vibrations, and chemical equilibrium is observed on the 
surface, and the diffusion velocity does not influence the convective rates of mass transfer. 
The effect of mutual drop intez,,ction can be taken into account [6] but this encumbers the 
solution without justification since appropriate corrections are introduced sufficiently 
simply if necessary. Thus, the total heat flux from the drop to the external medium can be 
found from the expression [5] 

Q = 2 ] / ~ d ~  1 (To - -  T~)  Pe ~ ~ Jr (25)  
1--~ 

where  

Pe= RePr; Re-ud., P r =  Y.__L1 ,, kl : . ~ ' 1  ~ ~ ~. ( ~iCplpl ) 
% kl plcp, ~acp~P~ 

d = -__]/3- f . sin a @dO 
1 0 ,5  ' 

4 o ([ -- cos 0)- -  -~-  (p - cos a @) 

0,5 

(26) 

for t + = J = i, 

1 1---c~ e x p ( - - - ~ 3  Pez l  
1 @ COS O 2 ! kit 

( 3 ) ; ~ =  (0.Sa)-------T f = 1 - -  cos @ exp - -  Pe'c 
[4-  1 +cos@ .2 

The t e m p e r a t u r e  o f  t h e  drop s u r f a c e  w i l l  equa l  

T~ = T~+ T~176176 
i+8 

The total mass flow from the drop to the medium is determined from the expression 

G =: 4 ]/'aRDl(co--%coo)Pe~ '~ .d, 
1 + ~  

( where [31 \ -~- / j  ; P e  : ; S c  = 
= D1  D 1  

(27) 

(28) 

(29) 

Substance concentration on the drop surface is constant but undergoes a discontinuity 
during passage through the surface. From the outer side it equals 

and from the inner Ck2 = alCkl. 

It is shown in [5] that the nonstationary phenomena damp out for ut/0.5d ~ i upon a 
sudden change in the temperature or concentration in the external medium, i.e., lasts 100th 
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Fig. 2 Fig. 3 
Fig. 2. Dependence of the change in the maximal velocity 
and thickness of the jet along the length on a specific 
volume content on the disperse phase in the jet u = 10.8 
m/sec, h = 11"10 -3 m, uQ = 0.25 m/sec. 

Fig. 3. Dependence of the heat- and mass,transfer coeffi- 
cients in the disperse jet on the Reynolds number; I) Sc = 
1390; 2) Pr = 0.7. $.104 m/sec. 

of a second, say, in a liquid-liquid extractor (d = 10 -3 m, u = 3-5 m/sec). The jet devel- 
opment in the apparatus under consideration is realized during several tenths of a second and 
more, consequently, the heat and mass transfer process in the jet apparatus can be consi- 
dered practically stationary. 

The further course of the computation is determined by problems that are solved by the 
researcher. If there is the possibility of measuring the change in concentration in a 
drop in one period of baffle travel, then the validity of the solution obtained for the 
hydrodynamic problem is verified directly by means of (28) by substituting the values found 
for the velocities into the P6clet criterion in all sections of baffle motion. If there is 
no such possibility, then integrated measurements at the input and output should be used, 
and the theoretical computational formulas obtained from the results of the solutions should 
be corrected by coefficients assuring satisfactory agreement between the computation and the 
parameter measurements in their experimentally investigated range. 

The velocity fields and jet contours are measured in a 400-mm-diameter tube with a pis- 
ton to which reciprocating motion in the vertical plane is transmitted by rods from the 
driver. A 25-mm-wide and 300-mm-long slot was along the piston diameter. A 3-mm-thick and 
294-u~-wide steel strip is placed vertically at the center of the slot. A turbulent disperse 
near-wall plane jet was formed during piston motion. 

Electroanemometer sensors were fastened to the piston with the possibility of moving 
the fastenings along the piston radius, as well, respectively, the sensors along the length 
of the fastenings perpendicularly to the piston surface. Water at a 10~ temperature was 
used as carrying medium and river sand as the disperse phase. The disperse phase was moved 
from up downward along the tube at a 0.03-m/sec velocity. The maximal distance from the pis- 
ton at which the velocity fields and jet contours were measured was I m. The maximal jet 
velocity was measured most confidently (the relative error did not exceed 3-4%), the remain- 
ing measurements yielded a relative error up to 32%. 

Computations to the graph in Fig. 2 were performed by using (17) and (20). No experi- 
mental values of these parameters are presented since the curves of changes in the parameters 
are placed close to each other and the spread in the experimental data is sufficiently great, 
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which makes perception of the graph difficult. The following values of the initial data 
were used in the computations: Pl = 103 kg/m3; P2 = 2.3"103"kg/m3; ~i = 102.4"10-6(kg~ 
m2; d = 2.1"10 -3 m; u 0 = 0.25 m/sec; u H = 10.8 m/sec; e = 0.014; h H = 0.3"10 -3 m; h = i.i" 
10 -3 m; A = 0.0038 m2/sec; t = 2c; v 0 = 0.18 m-2; ~i = 0.86; x = 0.5 m. 

As is seen from Fig. 2, a rise in the disperse phase content raises the long-range capa- 
bility of the jet and makes it narrower. 

Mass transfer in a disperse turbulent near-wall jet in the liquid-liquid system was in- 
vestigated during the extraction of benzoic acid from water by toluene. In the operating 
principle the experimental apparatus was identical to the hydrodynamic test stand described, 
and its geometric dimensions are the following: tube diameter is 40 mm, piston slot width and 
length are 2.5 and 30 mm, respectively, and the gap between the vertical plate and the slot 
walls is i.i mm. 

The influence of the escape velocity and time of jet formation on the extraction process 
proceeding in the turbulent jet is determined, all other conditions being equal, by the 
magnitude of the Reynolds number found by the relative velocities of the medium and the dis- 
perse phase. Represented in Fig. 3 are values of the mass-transfer coefficient over the con- 
tinuous medium (the drag in the disperse phase equals zero in practice) for different Rey- 
nolds numbers. The quantity of extracted substance per unit time was determined from the 
measured concentrations of benzoic acid at the water flow input and output and the coeffi- 
cient of mass transfer in the continuous medium was determined through the interphasal 
surface. The following initial data were used in the computations using (28): Pl = 0.986" 
103 kg/m3; P2 = 0.865"103 kg/m3; # = 0.22; ~i = 0.95"10-3 Pa-sec; ~ = 1.1"10 -3 m; u 0 = 0.1- 
0.8 m/sec; s = 0.014; h H = 0.3"10 -4 m; h = 1"10 -4 m; v0 = 0.18 m-l; A = 0.0038 m2/sec; ~i = 
0.86; x = 0.5 m; c= = 0; D l = 0.72"10 -s m2/sec; D 2 = 2.4"10 -9 m2/sec; c o = 20 kg/m 3. 

As is seen from Fig. 3, the mass-transfer coefficient in the domain of rapid formation 
of turbulent disperse jets in time is raised by almost an order, other conditions being 
equal. The $ does not exceed 0.7"10 -4 m/sec in the best modern pulsating mixer-settler 
extractors. 

The heat transfer between the carrying medium and the disperse phase in a turbulent dis- 
perse near-wall jet was investigated in a gas-solid system. The disperse phase (river sand 
heated to different temperatures) was introduced into a turbulent near-wall air jet emerging 
into an air space with the same temperature (19~ and the change in temperature in the jet 
was determined by using a thermocouple. The heat elimination coefficient was determined by 
the quantity of the disperse phase introduced, the interphasal surface, the sand temper- 
ature. The following data were used in the computations: Pl = 1.25 kg/m3; P2 = 2.3"103 kg/ 
mS; Pl = 1-81"10-6 (kg'sec)/m2; # = 0.09; d = 1.2-10 -~ m; u 0 = 0; g = 0.014; h H = 5"10 -3 m; 
A = 0.0038 m2/sec; e = 0.86; 12 = 0.31kcal/(m'deg'h); T o = 503 K; T~ = 292 K; 11 = 0.021 
kcai/(m'deg'h); Cpl =0.24kcal/(kg.deg); Cp2 = 0.26 kcal/(kg'deg). 

The contact time of the disperse phase with the carrying medium was determined by means 
of (23) by knowing the distance from the slot to the section in which computations were per- 
formed for the maximal velocity point and the parameters over the jet section. Measurement 
of the temperature and velocity fields of the jet permitted obtaining all the necessary in- 
formation in a broad range of Reynolds numbers from one experiment. 

It follows from Fig. 3 that as the relative velocity increases the Reynolds numbers 
grow, and therefore, other conditions being equal the heat elimination coefficient is raised. 
Attention is turned to the high values of the heat elimination coefficient from the dispersed 
phase in a turbulent flow with a time-varying jet velocity. Computations were carried out 
by means of (25). 

NOTATION 

v, velocity of disperse medium motion; V, Hamilton operator; p, mass density; P, pressure; 
~, dynamic viscosity; ~, kinematic viscosity; i, single event; ~, turbulent friction stress; 
d, particle diameter in the flow; n, number of particles (drops); #, specific volume content 
of the disperse phase in the carrying medium; u, velocity of the continuous medium flow 
around the disperse phase; u6, velocity in the space to which the jet escapes; u 0, velocity 
of baffle motion; UH, initial jet velocity in the slot; e, coefficient of free jet turbulence; 
hH, height of the near-wall jet in the initial section; h, slot height; To, initial disperse 
jet temperature; T~, temperature of the environment; k, coefficient of thermal diffusivity; 
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Tk, temperature of the disperse phase; X, coefficient of heat conduction; D, diffusion co- 
efficient; c k, concentration on the drop surface; Cp, specific heat; c=, substance concen- 
tration in a medium. 
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MODEL OF THE FLOW IN A CIRCULAR JET DEVELOPING IN A CROSS 

STREAM. SOLUTION OF THE INITIAL LENGTH PROBLEM 

T. A. Girshovich UDC 532.517.4 

A flow model and an integral method of calculating the initial length of a cir- 
cular jet in a cross stream are proposed. The results of calculating the char- 
acteristics of the initial length are in satisfactory agreement with the experi- 
mental data. 

As is known (see [i-7]), the flow in a jet issuing at an angle to the main stream has a 
complex three-dimensional character and differs significantly from the flow in a submerged 
jet or a jet in a cocurrent stream. The jet in a cross stream is distinguished from ordi- 
nary jet flows by the presence of a flow velocity component normal to its trajectory. Ob- 
viously, it is this velocity component that must be considered "responsible" for the parti- 
cular characteristics of the flow over the jet and the jet's development. Thus, the com- 
plex pattern of pressure distribution on the underlying surface around the jet, which to 
some extent is qualitatively similar to the pressure distribution around a cylinder, de- 
pends, for a given jet velocity, on the cross stream velocity component normal to the jet 
trajectory, the underpressure beyond the jet and along its sides being proportional to the 
velocity head created by this velocity component. This results in radial pressure differ- 
ences which must obviously lead to the appearance of secondary flows in cross sections of 
the jet which, in their turn, cause the experimentally observed deformation of the cross 
section. 

The mechanism of ejection of fluid by the jet from the surrounding space must also be 
more complex than in ordinary jets. On the one hand, the jet develops as in a cocurrent 
flow, and in accordance with the hypothesis of plane sections the cocurrent flow velocity 
may be assumed to be equal to the component of the cross stream velocity in the direction 
of the jet trajectory. The mass ejected by a jet in a cocurrent flow is known to be pro- 
portional to the difference of the jet and cocurrent flow velocities. On the other hand, 
the flow normal to the jet trajectory must contribute to the mass added to the jet, since 
for this flow the jet is, as it were, a fluid-filled space and at the edge of the jet an 
additional mixing zone must be formed. The mass entering this mixing zone from the cross 
stream is entrained by the jet, from which it acquires a longitudinal momentum, and be- 
comes, as it were, part of the jet. This mixing zone increases from the plane of symmetry 
towards the sides of the jet and thereby causes its lateral thickening. 

Since as the cross stream velocity increases the additional ejection into the jet be- 
comes more intense, while the length of the part of the jet on which the additional ejec- 
tion takes place decreases, at a certain value of the jet/flow velocity ratio there must 
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